We discuss the renormalizability of the massless Thirring model in terms of the causal fermion Green functions and correlation functions of left-right fermion densities. We obtain the most general solution of the massless Thirring model with dynamical dimensions of fermion fields, parameterized by two arbitrary parameters. We show that in the massless Thirring model there are no solutions which should provide equal dynamical dimensions for fermion fields calculated for causal Green functions and correlation functions of left-right fermion densities. This implies the unrenormalizability of the massless Thirring model in the sense that the ultra-violet cut-off dependence, appearing in the causal fermion Green functions and correlation functions of left-right fermion densities, cannot be removed by renormalization of the wave function of the massless Thirring fermion fields only. *
Introduction
The massless Thirring model [1] is an exactly solvable quantum field theoretical model of fermions with a non-trivial four-fermion interaction embedded in 1+1-dimensional space-time. A solution of the quantum field theoretical model assumes a development of a procedure for the calculation of any correlation functions [3] - [6] . As has been shown in [5, 6] the correlation functions of massless Thirring fermion fields can be parameterized by one arbitrary parameter. In Hagen's notations this parameter is ξ. The solution of the massless Thirring model found by Johnson [3] (see also [4] ) can be obtained from Hagen's solution for ξ = 1/2. In turn, Klaiber's solution of the massless Thirring model corresponds to Hagen's one for ξ = 1. Hence, one has to confess that Hagen's solution of the massless Thirring model [5] provides a real one-parameter family of solutions which bridges all other results at partial values of the arbitrary parameter ξ. Hagen's solution of the massless Thirring model agrees well with the solution obtained within the pathintegral approach [7] - [9] .
The massless Thirring model [1] is a theory of a self-coupled Dirac field ψ(x) 1) where g is a dimensionless coupling constant that can be both positive and negative as well. The Lagrangian (1.1) is invariant under the chiral group U V (1) × U A (1). The paper is organized as follows. In Section 2 we generalize Hagen's approach to the solution of the massless Thirring model by using the results obtained in [10, 11] (see also [12] ). In Section 3 we calculate the two-point causal fermion Green function and define the dynamical dimension of massless Thirring fermion fields dψ ψ (g), parameterized by two arbitrary parameters ξ and η. In Section 4 we calculate the two-point correlation function of the left-right fermion densities and define the dynamical dimension of massless Thirring fermion fields d (ψψ) 2 (g) in dependence on ξ and η. We show that the dynamical dimensions dψ ψ (g) and d (ψψ) 2 (g) can never be equal. This implies the unrenormalizability of the massless Thirring model in the sense that the ultra-violet dependence of the causal fermion Green functions and correlation functions of left-right fermion densities cannot be removed by the renormalization of the wave function of massless Thirring fermion fields. In Section 5 we corroborate the validity of this assertion within the standard renormalization procedure [13] . We show that the dependence of the causal fermion Green functions and correlation functions left-right fermion densities on the ultra-violet cut-off can be removed by the renormalization of the wave function of the massless Thirring fermion fields only if the dynamical dimensions of the fermion fields are equal, i.e. d (ψψ) 2 (g) = dψ ψ (g). In the Conclusion we discuss the obtained results.
General solution of the massless Thirring model
The solution of the massless Thirring model we understand as a possibility to calculate analytically vacuum expectation values of of any products of massless Thirring fermion fields [3] - [6] . For the analysis of the most general solution of the massless Thirring model we follow Hagen's approach [5] , generalized by the results obtained in [10, 11] . The generating functional of vacuum expectation values of products of massless Thirring fermion fields we define as
where A µ (x) is an external source of the vector current j µ (x). Following Hagen [5] we represent the r.h.s. of (2.1) in the form
where we have denoted
3)
The functional Z
Th [A; J,J] is a generating functional of vacuum expectation values of products of massless fermion fields of the massless Schwinger model with chiral fermions coupled to an external vector field A µ (x) [14] . The integration over fermion fields can be carried out explicitly and we get 4) where G(x, y) A is a two-point causal fermion Green function obeying the equation
The functional determinant Det(i∂ +Â) has been calculated in [10, 11] (see also [12] ). The result can be represented as
Here ξ and η are two arbitrary parameters [11] , g µν is the metric tensor and ε µν is the antisymmetric tensor defined by ε 01 = 1. The causal Green function of free massless (pseudo)scalar fields ∆(x − y; µ) is equal to
where G 0 (x − y) is a Green function of a free massless fermion field
. According to Hagen [5] , the knowledge of the two-point Green function G(x, y) A allows to calculate the vacuum expection value of any product of massless Thirring fermion fields. Below we calculate the two-point Green function G(x, y) and the correlation function C(x, y) defined by
where T is the time-ordering operator. The main aim of the analysis of these functions is the calculation of the dynamical dimension of the massless Thirring fermion field [15] .
Two-point causal Green function G(x, y)
In terms of the generating functional (2.2) the two-point Green function G(x, y) is defined by
The calculation of the r.h.s. of (3.1) reduces to the calculation of the path integral
Symbolically the r.h.s. of (3.2) can be written as
The integration over u can be carried out by quadratic extension. This yields
For the subsequent calculation we have to construct the matrix (1 + gD) −1 . The matrix (1 + gD) has the following elements
The elements of the matrix (1 + gD) −1 we define as
The matrices (1 + gD) and (1 + gD) −1 should obey the condition
This gives
Using (3.8) we obtain 9) where i∆(0; µ) is equal to
Thus, the two-point Green function reads 11) where dψ ψ (g) is a dynamical dimension of the Thirring fermion field defined by [15] 
(3.12)
Now we are proceeding to the calculation of the correlation function C(x, y).
4 Two-point correlation function C(x, y)
The two-point correlation function is defined in Eq.(2.11). In Hagen's approach to the solution of the massless Thirring model it reads
Due to the procedure above the calculation of the correlation function C(x, y) reduces to the calculation of the path integral
The dynamical dimension d (ψψ) 2 is equal to
For arbitrary ξ and η the dynamical dimensions of the massless Thirring model, calculated for the two-point causal Green function (3.12) and the correlation function of the left and right fermion densities (4.4), are not equal. According to Jackiw [15] , this is a key-point problem of quantum field theories in 1+1-dimensional space-time. However, one can show that the dynamical dimensions d (ψψ) 2 (g) and dψ ψ (g) can never be equal. This implies that the massless Thirring model is not renormalizable. The ultra-violet divergences can be removed by the renormalization of the wave functions of Thirring fermion fields either for the 2n-point Green functions G(x 1 , . . . , x n ; y 1 , . . . , y n ) or for the 2n-point correlation functions C(x 1 , . . . , x n ; y 1 , . . . , y n ) of the left-right fermion densities.
Non-perturbative renormalization of the massless Thirring model in the chiral symmetric phase
According to the standard procedure of renormalization in quantum field theory [13] the renormalizability of the massless Thirring model should be understood as a possibility to remove all ultra-violet and infrared divergences by renormalization of the wave function of the massless Thirring fermion field ψ(x) and the coupling constant g. Let us rewrite the Lagrangian (1.1) in terms of bare quantities
where ψ 0 (x),ψ 0 (x) are bare fermionic field operators and g 0 is a bare coupling constant. The renormalized Lagrangian L(x) of the massless Thirring model should then read [13] 2) where Z 1 and Z 2 are the renormalization constants of the coupling constant and the wave function of the fermion field. The renormalized fermionic field operator ψ(x) and the coupling constant g are related to bare quantities by the relations [13] 
For the correlation functions of massless Thirring fermions the renormalizability of the massless Thirring model means the possibility to replace the infrared cut-off µ or the ultra-violet cut-off Λ by another finite scale M by means of the renormalization constants Z 1 and Z 2 . According to general theory of renormalization [13] , the renormalization constants Z 1 and Z 2 depend on the renormalized quantities g, the infrared scale µ, the ultra-violet scale Λ and the finite scale M. As has been shown above the Green functions and left-right fermion density correlation functions do not depend on the infrared cut-off. Therefore, we can omit it. This defines the renormalization constants as follows
For the analysis of the feasibility of the replacement Λ → M it is convenient to introduce the following notations
. . , Λx n ; Λy 1 , . . . , Λy n ),
The transition to a finite scale M changes the functions (5.5) as follows
. . , Mx n ; My 1 , . . . , My n ),
The renormalized correlation functions are related to the bare ones by the relations [13] :
Renormalizability demands the relations
. . , Mx n ; My 1 , . . . , My n ), (5.8) which impose constraints on the dynamical dimensions and renormalization constants 9) and
The constraints (5.9) on the dynamical dimensions are fulfilled only if the renormalization constants are related by
The important consequence of this relation is that the coupling constant g of the massless Thirring model is unrenormalized, i.e. (5.12) This also implies that the Gell-Mann-Low β-function, defined by [13] 13) should vanish, since g is equal to g 0 which does not depend on M, i.e. β(g, M) = 0. Our observation concerning the unrenormalizability of the coupling constant, g 0 = g, is supported by the results obtained by Mueller and Trueman [16] and Gomes and Lowenstein [17] for the massive Thirring model. The constraint (5.10) is fulfilled only for
, the dependence of the 2n-point causal Green functions and the 2n-point correlation functions of left-right fermion densities on the ultra-violet cut-off Λ cannot be simultaneously removed by renormalization of the wave function of the massless Thirring fermion fields. This means the massless Thirring model is not renormalizable.
Conclusion
We have constructed the most general solution of the massless Thirring model in terms of the causal fermion Green functions and correlation functions of left-right fermion densities with dynamical dimensions parameterized by two arbitrary parameters. Due to the presence of the term proportional to the antisymmetric tensor ε µα and ε νβ in the definition of the two-point function D
µν (x − y) Eq.(2.7), our solution does not reduce to Hagen's solution for a certain choice of the parameters ξ and η. We have shown that dynamical dimensions dψ ψ (g) and d (ψψ) 2 (g) of the massless Thirring fermion fields calculated from the two-point causal Green function and two-point correlation function of left-right fermion densities can never be equal. As has been pointed out by Jackiw [15] , the inequality of dynamical dimensions of fermion fields obtained from vacuum expectation values of the different products of field operators is the key-point problem of 1+1-dimensional quantum field theories.
The impossibility to get equal dynamical dimensions dψ ψ (g) and d (ψψ) 2 (g) leads to unrenormalizability of the massless Thirring model in the sense that the dependence of vacuum expectation values of different products of Thirring fermion fields on the ultraviolet cut-off cannot be removed by renormalization of the wave function of Thirring fermion fields. We have corroborated this assertion within the standard renormalization procedure.
Concluding our discussion we would like to mention the paper by Casana [18] . The author used the technique which is also based on Hagen's approach [5] . However, for the definition of the functional determinant det(i∂ +Â) (see Eq.(2.6)) the author did not realize the ambiguity of the calculation, expressed in terms of two arbitrary parameters ξ and η to full extent. His analysis contains only one arbitrary parameter, which can be identified with our parameter ξ Det(i∂ +Â) = exp i d 2 xd 2 y 1 2π
The parameter a is related to our parameter ξ as ξ = (a + 1)/4. Since the part of the functional determinant, proportional to the derivatives of the two-point Green function ∆(x − y; µ), does not contain the terms proportional to antisymmetric tensors ε µα and ε νβ , which give an important contribution to correlation functions, we cannot compare our results with those obtained by Casana [18] . Unlike our analysis of the renormalizability of the massless Thirring model Casana did not investigate the renormalizabity of the correlation functions of the left-right fermion densities. As a result the author did not touch the problem of dynamical dimensions of the massless Thirring fermion fields.
We would like to emphasize that our assertion concerning the unrenormalizability of the massless Thirring model cannot be extended to the massive Thirring model, where the dependence of correlation functions of the left-right fermion densities can be removed by renormalization of the mass of Thirring fermion fields. Since the massive Thirring model is equivalent to the sine-Gordon model [19] , the renormalizability of the massive Thirring model entails the renormalizability of the sine-Gordon model [20] .
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